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The phonon dispersion of graphene is calculated using a perturbative approach within a density-functional-
based nonorthogonal tight-binding model. In the adiabatic approximation, the LO and the TO phonon branches
are found to have a finite slope at the � and K points of the Brillouin zone, respectively. This linear behavior
is due to strong electron-phonon coupling for electron wave vector close to the K point and is a signature of the
Kohn anomaly. The explicit account of the dynamic effects results in a strong modification of these phonon
branches as well as in a significant broadening of their linewidth in the vicinity of the � and K points. In
particular, the finite slope of the phonon branches turns to zero. The charge doping of graphene changes the LO
and TO branches in the vicinity of the two points and essentially removes the Kohn anomaly with the increase
in the doping level. The obtained results are in a good agreement with available experimental data.
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I. INTRODUCTION

For a long-time monolayer graphite sheets �graphene�
have been thought to be unstable under ambient conditions.
Recently, high-quality monolayer graphene flakes have been
produced by mechanical exfoliation1 and by epitaxial
growth.2 Graphene is a zero-gap semiconductor with a linear
dispersion of the electronic bands close to the Fermi energy
at the K and K� points of the Brillouin zone and can easily be
turned into either electron or hole conductor by charge
doping.3,4 In addition, electron scattering is very small up to
room temperatures in favor of ballistic electronic transport.5

These features of graphene make it a perspective candidate
for electronic devices, which are scalable to nanometer sizes.

The level of doping of graphene can be monitored by
Raman spectroscopy. The Raman spectrum of graphene is
dominated by the G line, arising from one-phonon inelastic
scattering of light from the G mode, which is the only
Raman-active phonon. It is a doubly degenerate phonon with
symmetry E2g, frequency of �1582 cm−1, and in-plane LO
and TO polarized components. Recent measurements of the
frequency shift and the linewidth of the G line of graphene
vs doping level have revealed strong dependence of these
quantities on the Fermi energy shift EF, which can be ex-
plained with dynamic effects associated with strong electron-
phonon coupling.3,4,6 These results have been supported by
calculations using time-dependent perturbation theory within
the density-functional theory �DFT�.7

Strong electron-phonon coupling has been predicted for
the TO-branch phonon at the K point with symmetry A1�
�Refs. 8 and 9� and an in-plane breathinglike motion of the
hexagons;10 further on, it will be referred to as the A1� mode.
This suggests a significant modification of the TO branch
around K point, which should be considered in the modeling
of defect-induced and two-phonon resonance Raman scatter-
ing. As far as we are aware, no theoretical results on this
specific problem have been reported so far.

Here, we study the dynamic and charge doping effects on
the phonon dispersion of graphene by use of a perturbative

approach11 within a density-functional-based nonorthogonal
tight-binding �NTB� model.12 We recover the DFT data for
the frequency shift and linewidth of the G mode and append
them with results for the A1� mode and for the LO and TO
branches in the vicinity of the � and K points. The paper is
organized as follows. The general theoretical background is
given in Sec. II while the details of the calculation of the
electronic structure, phonon dispersion, and Raman intensity
are provided in Appendices A and C, respectively. The cal-
culated phonon dispersion and linewidth are presented and
discussed in the case of the adiabatic approximation �Sec.
III A�, dynamic corrections �Sec. III B�, and charge doping
�Sec. III C�. The paper ends up with conclusions �Sec. IV�.

II. THEORETICAL BACKGROUND

We calculate the electronic band structure of graphene
within the NTB model with four valence electrons per car-
bon atom12 �see Appendix A�. This model makes use of the
matrix elements of the Hamiltonian and overlap matrix ele-
ments derived from first principles13 and therefore does not
rely on any adjustable parameters. It also allows one to esti-
mate the total energy and forces on atoms. This feature is
utilized for relaxation of the atomic structure of graphene.

A perturbative approach within the NTB model is used to
calculate the phonon dispersion of graphene in the adiabatic
approximation11 �see Appendix B�. The dynamical matrix is
derived by expanding the energy of the crystal lattice of
graphene, distorted by a phonon, in a power series of the
atomic displacements up to second order. The obtained ex-
pansion contains terms with second-order variations in the
matrix elements in the atomic displacements treated in first-
order perturbation theory and terms with first-order varia-
tions in the matrix elements in the atomic displacements
treated in second-order perturbation theory. The perturbative
approach has the advantage over the frozen-phonon one of
avoiding the computationally expensive enlarging of the
original cell in the calculations of forces on atoms. More-
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over, in the former, the dynamical matrix is derived in a
single step.

The fact that graphene is a zero-gap semiconductor has
crucial consequences on the phonon dispersion. The presence
of electronic states close to the Fermi energy around the two
points K and K� of the Brillouin zone favors scattering of
electrons by phonons between such states. The scattering is
more effective for phonons with stronger electron-phonon
coupling. This is indeed the case with the LO and TO
phonons close to the � and K points, resulting in finite slopes
of these branches, which is a signature of the Kohn anomaly
in graphene.8,11

Another consequence of the strong electron-phonon cou-
pling is the renormalization of the phonon frequency and
linewidth and the significant modification of the Kohn
anomaly associated with it. The renormalization is described
here by going beyond the adiabatic approximation and ex-
plicitly accounting for the dynamic effects.7

Finally, we adopt the quantum-mechanical description of
the Raman-scattering process in which the system of the
electrons and phonons of the system, and photons of the
electromagnetic radiation, and their interactions are
considered14 �see Appendix C�. This description allows for
the account of the finite electron and phonon lifetime due to
scattering processes.15

III. RESULTS AND DISCUSSION

A. Adiabatic approximation

The atomic structure of graphene was relaxed within the
NTB model by use of a 600�600 Monkhorst-Pack mesh in
the Brillouin zone until the residual forces on all atoms de-
creased below 0.01 eV /Å. The phonon calculations were
performed for the relaxed structure by use of the dynamical
matrix, Eq. �B5�. The large number of k points ensures ac-
curacy of the phonon frequencies within 1 cm−1. The NTB
model is known to overestimate the optical branches of
graphene by about 11% �Ref. 11� but the scaling of the pho-
non frequencies by a factor of 0.9 yields a very good agree-
ment with the available experimental data, especially, in the
high-frequency region.10,16,17 For this reason and for com-
parison with experimental and other theoretical data, all ob-
tained phonon frequencies are scaled by this factor.

The calculated phonon dispersion of graphene along the
high-symmetry directions �K, KM, and �M is shown in Fig.
1. It has been impossible to determine experimentally the
frequency of the TO branch close to the K point and, in
particular, the A1�-mode frequency because of the dramatic
decrease in the phonon lifetime.10 The inelastic x-ray scatter-
ing data10,17 and Raman data18 indicate that this mode should
be close to the LO and LA branches crossing at the K point.
The DFT calculations position it at least �100 cm−1 above
this crossing.8,17 The accurate treatment of the electron cor-
relations within the Green’s function approach using the GW
method has predicted this mode to be by 14 cm−1 below the
crossing.19 The NTB model yields the crossing of LO and
LA branches at 1267 cm−1 and the A1�-mode frequency to be
by 32 cm−1 below the crossing,11 in fair agreement with the
GW results. The NTB model has the advantage over the ab

initio models of inexpensive calculation of the phonon fre-
quencies and eigenvectors at any point of the Brillouin zone
and the consequent easy estimation of the changes in the
phonon dispersion of graphene due to dynamic and doping
effects. Because of the importance of the behavior of the LO
and TO branches around the � and K points, we present and
discuss only results for these two branches along the �KM
direction.

The calculated phonon dispersion shows linear wave-
vector dependence of the LO and TO branches at the � and
K points, respectively, as a signature of the Kohn anomaly8

�Fig. 1�. The temperature dependence of the phonon disper-
sion was studied here by smearing of the electron distribu-
tion close to the Fermi energy by means of the Fermi-Dirac
distribution function. The results for several temperatures
show that the effect of temperature on the linearity of the
mentioned branches is negligible up to room temperature,
though the frequencies of the G mode and A1� mode exhibit
small decrease and increase, respectively. For these reasons,
here we report results only for T=300 K.

The convergence of the dynamical matrix could be
achieved by use of a large number of k points, which can be
explained with the zero gap of graphene at the K and K�
points of the Brillouin zone.11 Mathematically, this is due to
terms of the dynamical matrix with energy denominator, van-
ishing at the two points. These terms can be written in the
general form �see Eq. �B2��

�
kvc

Mkv,k+qc

Ekv − Ek+qc
. �1�

Here, Ekv and Ek+qc are the energies of the valence and con-
duction bands, respectively, depending on the electron wave
vector k and the phonon wave vector q. The quantity
Mkv,k+qc consists of first-order variations in the band-
structure matrix elements in the atomic displacements. The
summation is over the Brillouin zone and over the valence
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FIG. 1. Calculated phonon dispersion of graphene along high-
symmetry directions in the Brillouin zone in comparison with avail-
able experimental data. The phonon branches are marked with ac-
ronyms of two letters with the following meaning: “L”—
longitudinal, “T”—transverse, “Z”—out of plane, “O”—optical,
and “A”—acoustic. The regions with most significant changes in
the branches due to dynamic effects are enclosed in rectangles.
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and conduction bands. The denominator of Eq. �1� vanishes
for scattering of an electron by a zone-center phonon at the K
or K� point or scattering of an electron by a K point phonon
between the K and K� points. The sum Eq. �1� is actually
convergent, which is readily seen if one considers linear
electronic bands close to these two points and assumes a
constant numerator. The sum can be transformed into an in-
tegral over k��k� between zero and some cutoff value with
an area element 2�kdk. The direct integration then yields a
finite value.

The slopes of the LO and TO branches at the � and K
points, �� and �K, respectively, can be directly associated
with the electron-phonon coupling constants.8 The previous
DFT values8 ��=340 cm−1 and �K=973 cm−1 have been
corrected by recent GW data ��=487 cm−1 �Ref. 20� and
�K=1504 cm−1 �Ref. 19�. The NTB model yields ��

=475 cm−1 and �K=1242 cm−1, in good agreement with the
GW data, which justifies the use of the NTB model for simu-
lation of processes and phenomena with important electron-
phonon coupling.

B. Dynamic effects

The strong electron-phonon interactions give rise to modi-
fications of the phonon dispersion around the � and K points.
These dynamic corrections to the phonon frequency, ��, and
the phonon linewidth, ��, can be derived from the dynami-
cal matrix, obtained in the adiabatic approximation, by add-
ing ��+ i� to the energy denominator in Eq. �1�, where � is
the phonon frequency in the adiabatic approximation and � is
a small positive number.8,21,22 Considering the corrections
�� and �� to be small compared to �, one can derive the
following expressions:

�� =
1

2�
Re	e+�D��� + i�� − D�0��e
 , �2�

�� =
�

2�
Im�e+D��� + i��e� . �3�

Here, D���+ i�� is the corrected dynamical matrix, D�0� is
the dynamical matrix, derived in the adiabatic approxima-
tion, and e is the phonon eigenvector.

The dynamic corrections were calculated by means of
Eqs. �2� and �3�. The obtained high-frequency phonon dis-
persion in the vicinity of the � and K points is shown in Figs.
2 and 3. It is clear that while the G-mode and A1�-mode
frequencies have zero dynamic corrections, major changes in
the phonon dispersion are present for nonzero phonon wave
vectors. The most important one is the appearance of a zero
slope of the LO and TO branches at the two points in place
of the finite one. In the vicinity of the � point, the LO and
TO branches remain almost flat up to some phonon wave
vector q� �Fig. 2�, where the LO branch has a kink and the
TO branch reaches a minimum. Similarly, the TO branch at
the K point has an almost flat region of size of �2qK, deter-
mined by some wave vector qK relative to the K point �Fig.
3�. These features of the corrected phonon dispersion can be
considered as signatures of the Kohn anomaly. For larger

wave vectors both LO and TO branches tend to those ob-
tained in the adiabatic approximation.

The correction to the linewidth of the LO and TO
phonons around the � and K points is shown in Figs. 4 and 5.
As seen in Fig. 4, with the increase in the wave vector from
the � point, the linewidth for the TO branch reaches a maxi-
mum at wave vector q� and then decreases to zero while the
linewidth for the LO branch decreases monotonously to zero.
The linewidth for the TO branch reaches a maximum at the
K point and decreases rapidly away from it �Fig. 5�.

The behavior of �� and �� can be explained by argu-
ments, similar to those, provided for metallic nanotubes.23 In
the latter study, the integration over the one-dimensional
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FIG. 2. Calculated LO and TO branches close to the � point in
the adiabatic approximation �dashed lines� and with dynamic effects
�solid lines�.
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FIG. 3. Calculated LO, TO, and LA branches close to the K
point along the �KM direction in the adiabatic approximation
�dashed lines� and with dynamic effects �solid lines�. The position
of the K point is marked with a vertical line. Note the avoided
crossing of the TO and LA branches at �0.65 splitting the TO
branch into two parts.
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wave vector �see Eq. �1� with �� added to the denominator�
is split into three regions: �−	 ,−q�,K�, �−q�,K ,0�, and �0,	�,
where q�,K����,K /�F, �F is the slope of the electronic
bands at the Fermi energy and the indices � and K denote
phonons in the vicinity of these two points. The wave vectors
q�,K and 0 separate regions with backscattering and forward
scattering of electrons. The different dependence of �� and
�� on the wave vector for the LO and TO branches stems in
the fact that the electron-phonon coupling in metallic nano-
tubes is nonzero only for backscattering and forward scatter-
ing of electrons from LO and TO phonons close to the �
point, respectively, and for backscattering from TO phonons
close to the K point. It has been proven analytically that this
character of the electron scattering gives rise to a dip in the

LO branch and a singularity in the TO branch at phonon
wave vector q�. From the same study, though not explicitly
written, it follows also that the linewidth of the LO branch
has a maximum at the � point and decreases away from it,
and the linewidth of the TO branch has a maximum at q� and
decreases rapidly away from it. In graphene, due to the two
dimensionality of the structure, such analytical derivations
are difficult to accomplish. However, qualitative conclusions
can be drawn taking into account that the electron scattering
from LO and TO phonons close to the � point is predomi-
nantly backscattering and forward scattering, respectively,
and the scattering from TO phonons close to the K point is
predominantly backscattering �see Eq. �6� in Ref. 8�. This
result implies the existence of characteristic phonon wave
vectors with length q�,K for graphene as well and similar
behavior of the phonon dispersion and linewidth in both me-
tallic nanotubes and graphene, as summarized in the previous
two paragraphs.

In the NTB model, �F=12.8 eV for wave vector in units
of 2� /a, where a is the lattice parameter of graphene. This
value of the slope corresponds to electron velocity at the
Fermi energy vF=8.0�105 m /s. For the G mode ��

=0.196 eV and q�=0.0153, and for the A1� mode �K
=0.154 eV and qK=0.0120. Therefore, the regions of impor-
tance of the dynamic effects are circles centered at the � and
K points of size �50 times smaller than the size of the Bril-
louin zone of graphene. Outside these regions, the dynamic
effects are negligible and the adiabatic approximation yields
reasonable predictions for the phonon dispersion.

C. Doping effects

The charge doping generally modifies the electronic struc-
ture of graphene. In the band approximation, the introduction
of charges to the conduction bands or the removal of charges
from the valence bands simply changes the band contribution
of the total energy and the system relaxes to a state with a
different lattice parameter. For doping levels of �1012 cm−2,
corresponding to Fermi energy shifts EF�0.1 eV, the varia-
tion in the lattice parameter is negligible �see also Ref. 7�.
For these reasons, the calculations for doped graphene were
performed for the relaxed structure at zero doping.

The general effect of the charge doping of graphene is an
upshift of the phonon dispersion, the most affected being the
LO and TO phonon branches close to the � and K points
�Figs. 6 and 7�. The characteristic features, due to the dy-
namic correction, e.g., the flat regions around these points,
the kink of the LO branch, and the pronounced dip of the TO
branch at q�, tend to be gradually smeared out with the in-
crease in the doping level. For �EF�=0.3 eV the flat region is
still present but the dip is no longer noticeable. For the same
doping, the frequencies of the G mode and the A1� mode
become higher by 11 cm−1 and 32 cm−1, respectively, com-
pared to undoped graphene. With the increase in the phonon
wave vector, these corrections become smaller and outside
the regions of size q� and qK they are negligible. The doping
effect on the phonon linewidth is illustrated in Figs. 8 and 9.
The increase in the doping level results in a decrease in the
correction to the phonon linewidth. For �EF�=0.3 eV this
correction is already below 1 cm−1.
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FIG. 5. Calculated phonon linewidth �� for the TO branch
close to the K point along the �KM direction. The position of the K
point is marked with a vertical line. The two curves correspond to
the two parts of the TO branch in Fig. 3.
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Figures 10 and 11 show that the frequencies of the G
mode and A1� mode are almost constant for Fermi energy
shift �EF� up to 0.1 eV and 0.08 eV, respectively, and increase
quasilinearly outside these regions. The calculated G-mode
and A1�-mode linewidths �Figs. 12 and 13� are significant for
�EF� up to �0.1 eV but become small outside this region,
decreasing steeply with the increase in the Fermi energy
shift. The zero-doping linewidth has a maximum value of
8.3 cm−1 for the G mode and 14.2 cm−1 for the A1� mode.
The former value agrees well with available experimental
ones of 8 cm−1 �Ref. 3� and 8.5 cm−1 �Ref. 4�.

The dependence of the frequency and linewidth of the G
mode on the doping level can be explained with the effective
phonon renormalization via electron-hole creation and anni-
hilation. As it is seen from Eq. �1� with �� added to the

denominator to account for dynamic effects, such processes
can take place if occupied �empty� and empty �occupied�
states are present in the valence and conduction bands, re-
spectively, which satisfy the condition Ekc−Ekv=��. Such
states exists for doping levels up to �EF�=�� /2. Therefore,
this value of EF determines the crossover between the regime
with strong and weak phonon renormalization. The behavior
of ����� and �� of the G mode vs EF at T=0 K can be
described approximately by the formulas3,4

����� = 
��EF� +
��

4
ln2�EF� − ��

2�EF� + ��
� , �4�
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FIG. 7. Calculated LO, TO, and LA branches with included
dynamic effects close to the K point along the �KM direction for
four different Fermi energy shifts EF=0.0, 0.1, 0.2, and 0.3 eV. The
position of the K point is marked with a vertical line.
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close to the K point along the �KM direction for four different
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the K point is marked with a vertical line.
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���
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��

2
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Here 
=AD2 /2���MvF
2 , A is the unit-cell area, D is the

electron-phonon coupling constant, and M is the carbon atom
mass. According to Eq. �4�, ����� has two logarithmic sin-
gularities at �EF�=�� /2 and linear asymptotic behavior for
large �EF�. Equation �5� yields a finite linewidth correction
for �EF���� /2 and zero, otherwise. For finite temperatures,
the logarithmic singularities are smeared out and the rectan-
gular shape of the linewidth is smoothened, as can be ob-
served from the obtained results in Figs. 10 and 12. Expres-

sions, analogous to Eqs. �4� and �5�, can be derived for the
frequency and linewidth of the A1� mode.

From the slope of the calculated frequency shift of G
mode vs doping one can determine the electron-phonon cou-
pling constant by use of the asymptotic formula:4 �����
=
�EF�. From our results we obtain 
=52 cm−1 /eV and D
=11.4 eV /Å. This value corresponds to the experimental
values of 12.6–14.1 eV /Å �Ref. 4� and to the theoretical
one of 13.5 eV /Å, derived within the DFT.7 A more precise
determination of the electron-phonon coupling D can be
done from the maximum of the phonon linewidth via the
formula:4 ��=AD2 /8MvF

2 . Thus, we obtain D=11.2 eV /Å
for the coupling at the � point. Previous NTB calculations of
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the electron-phonon coupling matrix elements of nanotubes
yielded in the large-radius limit D=12.8 eV /Å. Bearing in
mind that D determines the squared phonon frequencies, the
scaling of the frequencies by 0.9 corresponds to scaling of D
by 0.92=0.81. Therefore, the scaled value of the latter matrix
element should be �10.4 eV /Å, which is close to that, de-
rived from the linewidth here. Similarly, for the electron-
phonon coupling at the K point �Fig. 13� we get D
=14.7 eV /Å, which is smaller than the previous NTB value9

of 18.1 eV /Å. However, both values are in a good agree-
ment with each other if the NTB value is downscaled by a
factor of 0.81.

D. Raman intensity

Finally, we calculate the resonance Raman intensity of the
G mode with dynamic corrections as a function of the doping
level for parallel scattering geometry �see Appendix C�. The
intensity was averaged over all possible orientations in space
of the laser photon polarization for better correspondence
with the common experimental setup. The effect of the finite
phonon linewidth is accounted for by a Lorentzian broaden-
ing of the Raman line.15 The calculated Raman spectra of
graphene, shown in Fig. 14, exhibit an increasing blueshift of
the G-line position with the increase in the doping level
while the G-line peak value increases abruptly from an al-
most constant value to a larger one at �EF��0.1 eV. This
behavior is observed in the experimental Raman spectra.4

IV. CONCLUSIONS

We showed that the dynamic corrections have significant
effect on the phonon dispersion of graphene in the vicinity of
the � and K points and modify the Kohn anomaly, predicted
in the adiabatic approximation. We reproduce the ab initio
results for the G-mode frequency and predict the dynamic

correction of the phonon dispersion, which is important for
interpretation of the experimental data on double-resonance
Raman scattering as well as for modeling of electron-phonon
scattering processes in graphene. We also studied the doping
dependence of the phonon dispersion close to the two special
points, the major doping effect being the smearing out of the
Kohn anomaly with the increase in the doping level.
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APPENDIX A

Graphene has a two-dimensional periodic structure with
two carbon atoms in the unit cell. Within the NTB model
with four valence electrons per carbon atom,12,13 the elec-
tronic problem is reduced to the following matrix eigenvalue
equation:

�
r�

�Hkrr� − EkSkrr��ckr� = 0. �A1�

Here k is the two-dimensional wave vector and the index r
labels the valence orbitals of the unit cell, r=1,2 , . . . ,8. The
quantities Hkrr� and Skrr� are given by the expressions

Hkrr� = �
l

eik·R�l�Hrr��R� �A2�

and

Skrr� = �
l

eik·R�l�Srr��R� , �A3�

where Hrr��R� and Srr��R� are the matrix elements of the
Hamiltonian and the overlap matrix elements,13 respectively,
between orbitals r and r� centered at two atoms at a distance
R. The quantity Ek is the one-electron eigenenergy and ckr
are the coefficients in the expansion of the one-electron wave
function as a linear combination of the atomic orbitals of the
unit cell. The solutions to the eigenvalue equation, Eq. �A1�,
are Ekm and ckmr, m=1,2 , . . . ,8.

The total energy of the system and the forces acting on the
atoms are necessary for relaxing the atomic structure of
graphene. The total energy is given by the expression

E = �
km

occ

Ekm +
1

2 �
ij�i�j�

�Rij� , �A4�

where the first term is the band energy EBS �the summation is
over all occupied states� and the second term is the repulsive
energy Erep, expressed as the sum of repulsive pair
potentials13 �R� between pairs of atoms at a distance R. The
band contribution to the forces on the atoms is given by the
Hellmann-Feynman theorem. The repulsive contribution to
the force is equal to the first derivative of the total repulsive
energy with respect to the atomic position vector.
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FIG. 14. Calculated Raman spectra in the high-frequency region
including the G mode for different Fermi energy shifts EF from
−0.3 to 0.3 eV.
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APPENDIX B

In the perturbative approach within the NTB model,11 one
determines the response of the electrons to the atomic dis-
placements in the linear-response approximation. Namely,
the dynamical matrix is obtained from the change in the total
energy due to a static lattice deformation �a phonon� with a
two-dimensional wave vector q

u�l�� = e���q�eiq·R�l� + c.c. �B1�

Here, e�� �q� is the phonon eigenvector and the index � la-
bels the atoms in the unit cell, �=1,2.

The band contribution to the energy change, derived in
second-order perturbation theory, is given by �see also Ref.
24�

EBS − EBS
�0� = �

km

ckm
+ �H�2� − EkmS�2��ckm

− 2 �
kmm�

ckm
+ �H0+

�1� − EkmS0+
�1��ck+qm�ck+qm�

+ S0+
�1�ckm

− 2 �
kmm�

ckm
+ �H0−

�1� − EkmS0−
�1��ck−qm�ck−qm�

+ S0−
�1�ckm

+ 2 �
kmm�

�Ekm − Ek+qm��
−1ckm

+ �H0+
�1� − EkmS0+

�1��

� ck+qm�ck+qm�
+ �H+0

�1� − EkmS+0
�1��ckm

+ 2 �
kmm�

�Ekm − Ek−qm��
−1ckm

+ �H0−
�1� − EkmS0−

�1��

� ck−qm�ck−qm�
+ �H−0

�1� − EkmS−0
�1��ckm. �B2�

Here, in the second and third lines the indices m and m�
run over all occupied states while in the fourth and fifth lines
the index m �m�� runs over all occupied �unoccupied� states.
H�1� and H�2� are first- and second-order changes in the ma-
trix H given by the expressions

H�2� =
1

2 �
l�
�

eik·R�l���
��Hu
�0�l����u��0�l���� ,

�B3�

H�1� = �
l�


eik·R�l���
Hu
�0�l���� , �B4�

where �
H and �
��H are partial derivatives with respect
to u
�0�l�����u
�0��−u
�l���� and the exponentials are re-
moved from u
 and u�; 
 and � are tensor indices, 
 ,�
=1,2 ,3. H0+

�1�, H0−
�1�, H+0

�1�, and H−0
�1� derive from Eq. �B4� by

substitution of u�0�l���� with e����eiq·R�l��−e�����,
e���e−iq·R�l��−e����, e���−e����eiq·R�l��, and e����
−e�����e−iq·R�l��, respectively. Finally, S0+

�1�, S0−
�1�, S+0

�1�, and S−0
�1�

are defined by similar expressions but with the matrix H
replaced by the overlap matrix S.

Similarly to the band energy, the repulsive energy Erep is
expanded in series of u
�0�l���� up to second order. The
dynamical matrix is then derived from the expression

D
������q� =
1

M

�2�EBS + Erep�
�e
���q� � e�����q�

, �B5�

where M is the mass of the carbon atom. The phonon eigen-
values and eigenvectors can then be found as solutions to the
phonon equations of motion.

APPENDIX C

We adopt the quantum-mechanical description of the
Raman-scattering process in which the system of the elec-
trons and the phonons of the system, and photons of the
electromagnetic radiation, and their interactions are
considered.14 Restricting ourselves to Stokes processes, we
retain only the terms of the Raman tensor, which give pre-
dominant contribution to the intensity close to resonance.
These processes include �a� absorption of a photon �energy
EL, polarization vector �L� with excitation of the electronic
subsystem from the ground state and creation of an electron-
hole pair, �b� scattering of the electron �hole� by a phonon
�frequency �, polarization vector e�, and �c� annihilation of
the electron-hole pair with emission of a photon �energy ES
=EL−��, polarization vector �S� and return of the electronic
subsystem to the ground state. The contribution of these pro-
cesses to the Raman intensity is given by the expression25

I0 = A� pSDpL�

�EL − E − i�e��ES − E − i�e�
2

. �C1�

Here, A=C�ES
2 /EL

2��n+1�, C is a constant, n is the phonon
Bose-Einstein distribution function, and �e is the excited-
state width. E�Ekm�−Ekm, where km� and km are states of
the conduction and valence bands, respectively. pL,S is the
matrix element of the component of the momentum in the
direction of the polarization vector �L,S and D is the electron-
phonon coupling matrix element. The summation is per-
formed over all wave vectors and over the conduction and
valence bands.

Equation �C1� holds for infinite phonon lifetime. The
phonons interact with other particles, e.g., phonons, elec-
trons, etc., which decreases their lifetime and increases the
phonon linewidth. Equation �C1� can be corrected for the
case of a finite phonon linewidth by means of a Lorentzian
broadening of the line15

I =
1

�

�

�EL − ES − �� − ���2 + �2 I0. �C2�

Here � is the total linewidth, equal to the sum of the
broadening �� due to electron-phonon interactions and the
contribution �0 from other processes.
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